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Abstract This paper analyzes the sensitivity of high-
frequency radiation scattering in particulatemedia, to particle
surface roughness. Ray-tracing theory and computation are
employed. Since the magnitude of the Poynting vector ray,
the irradiance, is the appropriate quantity to be tracked,
the behavior of the reflectance, which controls the ratio of
the reflected and incident Poynting vector magnitudes, is of
primary concern. The reflectance is a highly nonlinear func-
tion of the refractive indices and angle of incidence. The
present work first addresses the relationship between a sin-
gle scatterer’s sensitivity to its surface roughness and then
the response of a large number of scatterers to the surface
roughness. The analysis indicates that, for a single scatterer,
the sensitivity of the response to roughness decreases, up to
a point, and then increases again, i.e., it is nonmonotone.
However, for a system of multiple scatterers, this effect van-
ishes, due to multiple internal reflections which dominate
the overall response characteristics. While it was relatively
straightforward to compute the overall sensitivity of a sin-
gle scattering body, for example a sphere, when multiple
reflecting bodies are considered, numerical simulations are
necessary because the reflected rays from one “rough” body
will, in turn, be reflected to another “rough” body, etc. Exam-
ples are given for a system of randomly distributed scatterers.
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1 Introduction

A variety of techniques for determining the basic charac-
teristics of particulate media utilize the scattering response
to incident light or other high-frequency radiation beams.
In particular, for granular flows, lasers can be directed into
the system and a camera records and processes the scat-
tered images. Approaches such as laser velocimetry use this
approach to generate a sequence of images to characterize
the dynamics of flows. The flow properties are obtained from
consecutive images.Ray-tracing is amethod that is employed
to produce rapid approximate solutions towave-equations for
high-frequency/small-wavelength applications. Essentially,
ray-tracing methods proceed by initially representing wave
fronts by an array of discrete rays. Thereafter, the prob-
lem becomes one of a purely geometric character, where
one tracks the changing trajectories of individual rays which
are dictated by the Fresnel conditions (if a ray encounters
a material interface). Ray-tracing methods are well-suited
for computation of scattering in complex systems that are
difficult to mesh/discretize, for example with a procedure
such as the finite element method and, therefore, they are
frequently employed by analysts in such situations. Thus,
one component of interest in the present study is to develop
a simple and fast computational tool, which captures the
essential physics of incidence, absorption, and reflection, and
then use it to perform parameter studies on how the rough-
ness of the particles affect the overall response of a cloud to
an incoming pulse of optical energy. Specifically, this paper
primarily concentrates on the sensitivity of high-frequency
radiation scattering responses of particulate systems to indi-
vidual particle surface roughness. In particular, the sensitivity
of systems comprising disordered aggregates of particles is
addressed. Overall ray-dynamics, corresponding to flow of
electromagnetic energy, is investigated. It is assumed that
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Fig. 1 The scattering system considered, comprising a beam, com-
prising multiple rays, incident on a collection of randomly distributed
scatterers

the particles are at least an order of magnitude larger than
the wavelength of the incident radiation, thus making geo-
metrical optics and ray-tracing theory applicable (see Gross
[16], Bohren and Huffman [2], Elmore and Heald [14], and
van de Hulst [31]). We consider initially coherent beams
(Fig. 1), composed of multiple collinear rays (forming a pla-
nar wave front), where each ray is a vector in the direction
of the flow of electromagnetic energy.1 Of particular inter-
est is to describe the break-up of initially highly directional
coherent beams, for example lasers, which do not spread
out into multidirectional rays unless they encounter multiple
scatterers. Ray-tracing is highly amenable to rapid large-
scale computation needed to track the scattering of incident
radiation beams, comprising of multiple rays, by multiple
particles, and thus, it is the method of choice for the present
analysis.

Remark In this work, we do not consider the problem of the
dynamics on heat transfer of the dispersed particleswithin the
cloud. For studies of the evolution of heat and the dynamics
of the particles, we refer the reader to Zohdi [33,34,36–43].
This entails an analysis of the dynamics of particulate clouds
and flows, related to granular flowmodels, as well as coupled
fluid–particle interaction problems,which are found inDuran
[13], Pöschel and Schwager [25], Onate et al. [22,23], Rojek
et al. [28], Carbonell et al. [5], Labra and Onate [19], Avci
andWriggers [1], Leonardi et al. [21], Cante et al. [4], Rojek
[27], Onate et al. [24], and Bolintineanu et al. [3].

2 Plane harmonic electromagnetic waves

Following a framework found in Zohdi [35,36,42,44] and
Zohdi and Kuypers [45], we consider a beam of light inci-
dent upon a material interface which produces a reflected

1 For isotropic media, the rays are parallel to the initial wave’s propa-
gation vector (Fig. 1).

wave and a transmitted (refracted)wave. The free space prop-
agation of radiation can be described by a simplified form of
Maxwell’s equations

∇ × E = −μo
∂H
∂t

, and ∇ × H = εo
∂E
∂t

, (2.1)

and

∇ · H = 0, and ∇ · E = 0, (2.2)

where E is the electric field intensity, where H is the mag-
netic flux intensity, where εo is the permittivity, and where
μo is the permeability. Using standard vector identities, one
can show that

∇ × (∇ × E) = −μoεo
∂2E
∂t2

, and

∇ × (∇ × H) = −μoεo
∂2H
∂t2

, (2.3)

and that

∇2E = 1

c2
∂2E
∂t2

, and ∇2H = 1

c2
∂2H
∂t2

, (2.4)

where the speed of light is c = 1√
εoμo

.Now consider the case
of plane harmonic waves, for example of the form

E = Eo cos(k · r − ωt) and H = Ho cos(k · r − ωt),

(2.5)

where r is an initial position vector to the wave front, k
is the direction of propagation, Eo is the amplitude of the
electric field, and Ho is the amplitude of the magnetic field.
For plane waves, k · r = constant. We refer to the phase as
φ = k · r −ωt, and ω = 2π

τ
as the angular frequency, where

τ is the period. For “plane” waves, the wave front is a plane
on which φ is constant, which is orthogonal to the direction
of propagation, characterized by k. In the case of harmonic
waves, we have

k × E = μoωH and k × H = −εoωE, (2.6)

and k · E = 0 and k ·H = 0. The three vectors, k, E, and H
constitute a mutually orthogonal triad. The direction of ray
propagation is given by E×H

||E×H|| . Since the free space propa-
gation velocity is given by c = 1√

εoμo
for an electromagnetic

wave in a vacuum, and v = 1√
εμ

for electromagnetic waves

in another medium, we can define the index of refraction as2

2 All electromagnetic radiation travels at the speed of light in a vacuum,
c ≈ 3 × 108 m/s. A more precise value, given by the National Bureau
of Standards, is c ≈ 2.997924562 × 108 ± 1.1 m/s. For visible light,
the wavelength is between 3.8 × 10−7 ≤ λ ≤ 7.2 × 10−7 m.
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n
def= c

v
=

√
εμ

εoμo
. (2.7)

2.1 High-frequency energy propagation

Electromagnetic waves traveling through space carry energy
which flows in the direction of wave propagation. The energy
per unit area per unit time flowing perpendicularly into a
surface in free space is given by the Poynting vector S = E×
H .Since at optical frequencies E, H , and S oscillate rapidly,
it is impractical tomeasure instantaneous values of S directly.
Now consider the harmonic representations in Eq.2.5 which
leads to

S = Eo × Ho cos
2(k · r − ωt), (2.8)

and consequently the average value over a longer time inter-
val than the time scale of rapid random oscillation,

〈S〉T = Eo × Ho〈cos2(k · r − ωt)〉T = 1

2
Eo × Ho.

(2.9)

We define the irradiance as

I
def= 〈||S||〉T = 1

2
‖Eo × Ho‖ = 1

2

√
εo

μo
‖Eo‖2 . (2.10)

Thus, the rate of flowof energy is proportional to the square of
the amplitude of the electric field. Furthermore, in isotropic
media, which we consider for the duration of the work, the
direction of energy is in the direction of S and in the same
direction as k. Since I is the energy per unit area per unit
time, if we multiply by the “cross-sectional” area of the ray
(ar), we obtain the energy associated with the ray, denoted
as I ar = I ab/Nr, where ab is the cross-sectional area of a
beam (comprising all of the rays) and Nr is the number of
rays in the beam (Fig. 6).

2.2 Reflection and absorption of energy

One appeal of geometrical optics is that relatively elementary
concepts are employed. For example, the law of reflection
describes how radiation, such as light, is reflected from
smooth surfaces (Fig. 2). The angle between the point of con-
tact of a ray and the outward normal to the surface at that point
is the angle of incidence (θi). The law of reflection states that
the angle at which the radiation is reflected (θr) is the same
as the angle of incidence (θi = θr) and that the incoming and
outgoing rays lay in the same plane. The law of refraction
states that, if the ray passes from one medium into a second
one (with a different index of refraction), and, if the index of
refraction of the second medium is less than that of the first,
the angle the ray makes with the normal to the interface is

INCIDENT RAY

NORMAL

REFLECTED RAY

TANGENT

TRANSMITTED
RAY

SMOOTH
PARTICLE

ROUGH
PARTICLE

VARIATION
IN THE 

NORMALS

i r

t

θ θ

θ

Fig. 2 The nomenclature for Fresnel’s equations for an incident ray
that encounters an idealized smooth scattering particle and a “rough”
particle with an uncertain surface

always less than the angle of incidence, and can be can be
written as (the law of reflection)

n
def= vvac

vmed
= sin θi

sin θt
, (2.11)

where θt is the angle of the transmitted ray (Fig. 2). Through-
out the paper we shall consider collections of particles
ranging from perfectly reflecting types (n → ∞), i.e., where
the energy associated with a ray is entirely reflected (accord-
ing to the law of refraction) to perfectly absorbing types
(n → 1), where a ray that makes contact with the particle
surface is entirely absorbed and not re-emitted. For those par-
ticles with refractive indices existing between these extremes
(1 ≤ n ≤ ∞), it is possible to go beyond a simple descrip-
tion of the direction of ray travel by employing the Fresnel
equations, which are derived in the Appendix.

Henceforth, we consider a plane harmonic wave incident
upon a plane boundary separating two different optical mate-
rials, which produces a reflected wave and a transmitted
(refracted) wave (Fig. 2). The amount of incident electro-
magnetic energy (Ii) that is reflected (Ir) is given by the total
reflectance

R
def= Ir

Ii
, (2.12)

where 0 ≤ R ≤ 1 and where, for unpolarized radiation, such
as natural light (see Appendix),

R = 1

2

⎛
⎜⎝

⎛
⎝ n̂2

μ̂
cos θi − (n̂2 − sin2 θi)

1
2

n̂2
μ̂
cos θi + (n̂2 − sin2 θi)

1
2

⎞
⎠

2

+
⎛
⎝cos θi − 1

μ̂
(n̂2 − sin2 θi)

1
2

cos θi + 1
μ̂
(n̂2 − sin2 θi)

1
2

⎞
⎠

2
⎞
⎟⎠ , (2.13)
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Fig. 3 Left a single scatterer. Right the reflectance (R) as a function of incident angle

where n̂ is the ratio of the refractive indices of the ambient
(incident) medium (ni) and transmitted particulate medium
(nt), n̂ = nt/ni, where μ̂ is the ratio of the magnetic per-
meabilities of the surrounding incident medium (μi) and
transmitted particulate medium (μt), μ̂ = μt/μi. For most
materials, the magnetic permeability is, within experimen-
tal measurements, virtually the same, with a few notable
exceptions such as concentrated magnetite, pyrrhotite, and
titanomagnetite. Thus, for the remainder of the work, we
shall take μ̂ = 1, i.e., μo = μi ≈ μt.

Remark From this point forth, we assume that the ambi-
ent medium behaves as a vacuum. Accordingly, there are no
energetic losses as the rays move through the surrounding
medium. Furthermore, we assume that refracted rays which
enter a particle are not re-emitted. The re-emission problem
is quite complex, and involves multiple internal reflections,
as well as conversion of optical energy into heat. It is impor-
tant to note that multiple internal reflections and re-emission
also leads to an immense growth in the number rays, which
is beyond the scope of the present analysis. However, some
of these issues have been addressed in Zohdi [35,36,42,44]
and Zohdi and Kuypers [45].

3 Sensitivity of a single scatterer

Consider a single reflecting scatterer, with incident rays as
shown in Fig. 3. For an individual ray, the sensitivity of the
irradiance after a single reflection to surface roughness, a
perturbation in the angle of incidence, can be represented as
follows, from Eq.2.12

∂ Ir
∂θ

= ∂ Ii
∂θ

R + Ii
∂R

∂θ
, (3.1)

where for a single reflection ∂ Ii
∂θ

= 0, thus

∂ Ir
∂θ

= Ii
∂R

∂θ
. (3.2)

For all rays at an incident angle between 0 and π
4 , they are

reflected with some positive y-component, i.e., “backwards”
(back scatter). However, between π

4 and π
2 , the rays are scat-

tered with a negative y-component, i.e., forwards. Since the
reflectance is the ratio of the amount of reflected energy (irra-
diance) to the incident energy, it is appropriate to consider
the integrated reflectance over a quarter of a single scatterer,
which indicates the total fraction of the irradiance reflected

I def= 1
π
2

∫ π
2

0
Rdθ, (3.3)

whose variation with n̂ is shown in Fig. 3. For a single scat-
terer, in the range tested (1 ≤ n̂ ≤ 10), the amount of energy
reflected is a mildly nonlinear (quasilinear) function of n̂
and, thus, it should not be surprising that it is the same for an
aggregate.3 Now consider the integral of the absolute value
of the sensitivity to perturbations of the surface normal. The
sensitivity of R to θ also represents the sensitivity to the out-
ward surface normal, and thus represents the sensitivity to
the surface roughness. Thus, locally, for surface roughness,
∂R
∂θ

is the correct quantity to track,

3 As n̂ → ∞, the object becomes essentially “mirror-like.”
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Fig. 4 The integrated reflectance (I) and integrated sensitivity to surface perturbations ∂I
∂θ

over a quarter of a single scatterer, which indicates the
total fraction of the irradiance reflected. Right The integrated sensitivity versus the integrated reflectance

∂I
∂θ

def= 1
π
2

∫ π
2

0

∣∣∣∣∂R∂θ

∣∣∣∣ dθ. (3.4)

As Fig. 4 indicates, the overall sensitivity of a single scatterer
is a nonmonotone function of the ratio of refractive indices.
Although this may appear surprisingly counterintuitive at
first, the reflectance has a nonmonotone dependence on the
angle of incidence, as Fig. 3 indicates, especially at higher
values of n̂, thus leading to the said overall nonmonotonicity
of a single scatterer. However, aswe shall illustrate in the next
section, for multiple scatterers, the term in Eq.3.1 represent-
ing the sensitivity to the incoming ray’s irradiance, ∂ Ii

∂θ
R, is

no longer zero, due to multiple reflections, thus forcing the
overall multiple scatterer system sensitivity tomonotonically
increase with increasing perturbations to the surface normals
(“roughness”).

4 Multiple scatterers and multiple reflections

While it was relatively straightforward to compute the overall
sensitivity of a single scattering body, for example a sphere,
when multiple reflecting bodies were considered, numerical
simulations are necessary because the reflected rays fromone
“rough” body would, in turn, be reflected to another “rough”
body, etc.

4.1 Algorithmic solution procedure

The primary quantity of interest now is to characterize
the difference between the response of the irradiance of a
beam, encountering a collection of smooth particles and the
response encountering a collection of rough particles after
a given elapsed time T (Fig. 5), when all of the rays have
exited the system (Fig. 6). This is characterized by themagni-
tude of the differences between thePoynting vector responses

EXITING
RAY

ROUGH SYSTEMSMOOTH SYSTEM

INCOMING
RAY

INCOMING RAY
RAY

EXITING

Fig. 5 One possible scenario when a ray encounters a rough system

between the smooth and rough collections of particles, moti-
vating the following metric:

M def=√√√√
∑Nr

i=1(((S̃i − Si ) · ex )2 + ((S̃i − Si ) · ey)2 + ((S̃i − Si ) · ez)2)∑Nr
i=1((Si · ex )2 + (Si · ey)2 + (Si · ez)2)

,

(4.1)

where Si is the Poynting vector of the i th ray propagating
through the smooth particle system, S̃i is the Poynting vector
of the i th ray propagating through the rough particle system,
ex is the unit vector in the x-direction, ey is the unit vector
in the y-direction, and ez is the unit vector in the z-direction.

The computational algorithm is as follows, starting at t =
0 and ending at t = T :

(1)COMPUTERAYREFLECTIONS (FRESNELRELATIONS)

(2)COMPUTEABSORPTIONBYPARTICLES

(3) INCREMENTALLRAYFRONTPOSITIONS:

r i (t + 
t) = r i (t) + 
tvi (t), i = 1, . . . ,RAYS

(4)GOTO (1)ANDREPEATWITH (t = t + 
t)

(4.2)
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The time step size 
t is dictated by the size of the particles.
A somewhat ad hoc approach is to scale the time step size
according to
t ∝ ξb

||v|| ,where b is the radius of the particles,||v|| is the magnitude of the velocity of the rays, and ξ is a
scaling factor, typically 0.05 ≤ ξ ≤ 0.1.

Remark It is important to recognize that one can describe the
aggregate ray behavior in an even more detailed manner via
higher moment distributions of rays, for example employing
the skewness, kurtosis.

4.2 Parametrization of the scatterers

We considered a group of Np randomly dispersed spherical
particles, of equal size, in a cubical domain of dimensions,
D×D×D, D = 10−3 m. The particle size and volume frac-
tion were determined by a particle/sample size ratio, which

was defined via a subvolume size V
def= D×D×D

Np
, where

Np was the number of particles in the entire cube. The ratio
between the radius (b) and the subvolume was denoted by

L def= b

V
1
3
. The volume fraction occupied by the particles

consequently can be written as vp
def= 4πL3

3 . Thus, the total
volume occupied by the particles,4 denoted ζ, can be written
as ζ = vpNpV .Weused Np = 1000 particles and Nr = 1600
rays, arranged in a square 40× 40 pattern (Fig. 6). This sys-
temprovided stable results, i.e., increasing the number of rays
and/or the number of particles beyond these levels resulted
in negligibly different overall system responses. The irra-
diance beam parameter was set to Io = ||I (0)||, which is
the magnitude of the initial irradiance at time t = 0. The
irradiance for each ray was calculated as I ab/Nr, where
Nr = 40×40 = 1600was the number of rays in the beamand
ab = 10−3 m × 10−3 m = 10−6 m2 was the cross-sectional
area of the beam.5

4.3 Results

The simulations were run until the rays completely exited
the domain, which corresponded to a time scale on the order
of 3×10−3 m

c , where c is the speed of light. The initial veloc-
ity vector for all of the initially colinear rays comprising the
beam was v = (c, 0, 0). Table 1 illustrates the response
sensitivity of the same configuration of particles for a given

4 For example, if one were to arrange the particles in a regular periodic
manner, then at the length scale ratio of L = 0.25 the distance between
the centers of the particle become four particle radii. In theoretical
works, it is often stated that the critical separation distance between
particles is approximately three radii to be sufficient to treat the particles
as independent scatters, and simply to sum the effects of the individual
scatterers to compute the overall response of the aggregate.
5 Because of the normalized structure of theM-metric, it is insensitive
to the initial magnitude of Io.

roughness equivalent to noise of 10% in the surface normals.
As opposed to the trend for the single scatterer, the over-
all sensitivity is monotonically increasing n̂, approximately
according to the sublinear (curve-fit) relation

M = 0.7946n̂0.007113. (4.4)

As indicated in Table 1, the rays undergomultiple reflections,
and thus ∂ Ii

∂θ
R � Ii

∂R
∂θ

, and any nonmonotonicity produced

by Ii
∂R
∂θ

is dwarfed by ∂ Ii
∂θ

R. Additional parameter studies
were performed where the particle length scale was varied
between 0.25 ≤ L ≤ 0.375, while the relative refractive
index ratio was varied between 2 ≤ n̂ ≤ 100,with the results
being qualitatively the same.

Remark We repeated refined the “ray grid” up to 100× 100
rays (10,000 total) and found no significant difference com-
pared to the 40 × 40 result. Therefore, we consider the
responses to be, for all practical purposes, independent of
the ray-grid density. Also, the average number of reflections
for the smooth surface casewas 2.91,while for the rough case
it was 22.38. The large number of internal reflections for the
rough case can be attributed to rays becoming trapped within
the microstructure and “bouncing” back and forth between
the rough surfaces. While this “bouncing” does occur for
smooth cases, it does not happen with such severity as in the
rough surface case.

5 Concluding remarks

In summary, this work developed a discrete-ray/discrete-
particlemodel to allow the study of the propagation of optical
energy through a cloud of randomly dispersed rough par-
ticles. The simplified model captures the primary effects,
namely, reflection and absorption of optical energy via: (1) a
discrete element representation of the particle system, (2)
a discretization of a concentrated optical beam into rays,
and (3) a discrete-ray tracking algorithm is developed to
track the propagation of rays. The simulations take on the
order of 2 min on a laptop. With this tool, the sensitivity
of high-frequency electromagnetic scattering in particulate
suspensions, to the particle surface roughness was studied.
Ray-tracing theory was employed, and was justified due to
the size of the scatterers relative to the wavelength of the
incident radiation. The behavior of the reflectance, which
controls the ratio of the reflected and incident Poynting vec-
tormagnitudes is a highly nonlinear function of the refractive
indices and angle of incidence. This work addressed the rela-
tionship between a single scatterer’s sensitivity to its surface
roughness and then the sensitivity of the response of a large
number of scatterers. As was shown, for a single scatterer
the sensitivity of the response to roughness decreases, up to a
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Fig. 6 Starting from left to right and top to bottom, the progressive movement of rays comprising a beam (L = 0.325 and n̂ = 4), for a “rough”
set of particles. The length of the vectors indicate the irradiance

point, and then increases again, i.e., it is nonmonotone. How-
ever, for many scatterers, this effect vanishes, due to multiple
internal system reflections between scatterers, which domi-
nate the overall response characteristics. As mentioned in
the beginning of the paper, the regimes of validity of such a

model are where the particle scatterers and surface features
are larger thanvisible light rays: 3.8×10−7 ≤ λ ≤ 7.2×10−7

m. The particles in this analysis were assumed to possess
diameters larger than approximately 10−5 m (10µm). For
systems with particulates smaller than this, one can interpret

123



Comp. Part. Mech.

Table 1 L = 0.325 n̂ M

2 0.09725

4 0.28888

8 0.41645

16 0.53994

The response sensitivity to a
40 × 40 ray mesh for 1000
randomly dispersed scatterers
for increasing n̂ after a
sufficiently long time t = T,

allowing all of the rays to have
exited the scattering system
(L = 0.325)

the results of the model in a qualitative manner, although
the range of applicability is not limited to visible frequen-
cies. Other high-frequency applications where the developed
model can be employed include UV-rays, X-rays, gamma
rays, and correspondingly smaller particle scatterer sizes,
such as (a) regimes where the scatterers and surface features
are larger than ultraviolet rays (10−9 ≤ λ ≤ 10−8 m), (b)
regimes where the scatterers and surface features are larger
than X-rays (10−11 ≤ λ ≤ 10−9 m), and (c) regimes where
the scatterers and surface features are larger than gamma rays
(10−12 ≤ λ ≤ 10−11 m).

In closing, we note that this work has been partially moti-
vated by the advances, within the last few decades, in the
development of optically based imaging technologies, such
as Light Detection And Ranging (LIDAR)-type technolo-
gies. LIDAR is a technique by which a target is illuminated
with a laser and the reflected light is analyzed.6 LIDAR was
developed in the 1960s and combines laser focusing with
radar-like technology for calculating distances by measuring
time to for signal return. LIDARhas become a relatively stan-
dard tool in the atmospheric sciences, ranging from remote
sensing, airborne laser mapping, and cloud measurement,
and has been extended to a variety of applications in engi-
neering and science. For reviews, we refer the reader to Ring
[26], Cracknell and Hayes [7], Goyer and Watson [15], and
Medina et al. [20]. Recently, there have also been efforts in
developing particulate penetrating/filtering LIDAR (Trickey
et al. [30]).7 It has also started finding usage in the character-
ization of intentionally released particulate clouds, such as
obscurants, and is a subject currently being investigated by
the author (Zohdi [44]).

6 Usually, LIDAR uses high-frequency ultraviolet, visible and near
infrared light.
7 Generally, LIDAR bears some similarity with particle image
velocimetry technologies.
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Appendix: Generalized Fresnel relations

Following a generalization of the Fresnel relations for
unequal magnetic permeabilities in Zohdi [35,36] and Zohdi
and Kuypers [45], we consider a plane harmonic wave inci-
dent upon a plane boundary separating two different optical
materials, which produces a reflected wave and a transmitted
(refracted) wave (Fig. 2). Two cases for the electric field vec-
tor are considered: (1) electric field vectors that are parallel
(||) to the plane of incidence and (2) electric field vectors that
are perpendicular (⊥) to the plane of incidence. In either case,
the tangential components of the electric and magnetic fields
are required to be continuous across the interface. Consider
case (1). We have the following general vectorial represen-
tations

E|| = E|| cos(k·r−ωt)e1 and H || = H|| cos(k·r−ωt) e2,

(5.1)

where e1 and e2 are orthogonal to the propagation direction
k. By employing the law of refraction (ni sin θi = nt sin θt),
we obtain the following conditions relating the incident,
reflected and transmitted components of the electric field
quantities

E||i cos θi − E||r cos θr = E||t cos θt and

H⊥i + H⊥r = H⊥t. (5.2)

Since, for plane harmonic waves, the magnetic and electric
field amplitudes are related by H = E

vμ
, we have

E||i + E||r = μi

μt

vi

vt
E||t = μi

μt

nt
ni

E||t
def= n̂

μ̂
E||t, (5.3)

where μ̂
def= μt

μi
, n̂

def= nt
ni

and where vi, vr and vt are the val-
ues of the velocity in the incident, reflected and transmitted
directions.8 By again employing the law of refraction, we
obtain the Fresnel reflection and transmission coefficients,
generalized for the case of unequal magnetic permeabilities

r|| = E||r
E||i

=
n̂
μ̂
cos θi − cos θt

n̂
μ̂
cos θi + cos θt

and

t|| = E||t
E||i

= 2 cos θi

cos θt + n̂
μ̂
cos θi

. (5.4)

8 Throughout the analysis we assume that n̂ ≥ 1.
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Following the same procedure for case (2), where the com-
ponents of E are perpendicular to the plane of incidence, we
have

r⊥ = E⊥r

E⊥i
=

cos θi − n̂
μ̂
cos θt

cos θi + n̂
μ̂
cos θt

and

t⊥ = E⊥t

E⊥i
= 2 cos θi

cos θi + n̂
μ̂
cos θt

. (5.5)

Our primary interest is in the reflections. We define the
reflectances as

R||
def= r2|| and R⊥

def= r2⊥. (5.6)

Particularly convenient forms for the reflections are

r|| =
n̂2

μ̂
cos θi − (n̂2 − sin2 θi)

1
2

n̂2
μ̂
cos θi + (n̂2 − sin2 θi)

1
2

and

r⊥ =
cos θi − 1

μ̂
(n̂2 − sin2 θi)

1
2

cos θi + 1
μ̂
(n̂2 − sin2 θi)

1
2

. (5.7)

Thus, the total energy reflected can be characterized by

R
def=

(
Er

Ei

)2

= E2⊥r + E2||r
E2
r

= I||r + I⊥r

Ii
. (5.8)

If the resultant plane of oscillation of the (polarized) wave
makes an angle of γi with the plane of incidence, then

E||i = Ei cos γi and E⊥i = Ei sin γi, (5.9)

and it follows from the previous definition of I that

I||i = Ii cos
2 γi andI⊥i = Ii sin

2 γi. (5.10)

Substituting these expression back into the expressions for
the reflectances yields

R = I||r
Ii

cos2 γi + I⊥r

Ii
sin2 γi = R|| cos2 γi + R⊥ sin2 γi.

(5.11)

For natural or unpolarized radiation, the angle γi varies
rapidly in a random manner, as does the field amplitude.
Thus, since

〈
cos2 γi(t)

〉
T

= 1

2
and

〈
sin2 γi(t)

〉
T

= 1

2
, (5.12)

and therefore for natural radiation

I||i = Ii
2

and I⊥i = Ii
2

. (5.13)

and therefore

r2|| =
(
E2||r
E2||i

)2

= I||r
I||i

and r2⊥ =
(
E2⊥r

E2⊥i

)2

= I⊥r

I⊥i
.

(5.14)

Thus, the total reflectance becomes

R = 1

2

(
R|| + R⊥

) = 1

2

(
r2|| + r2⊥

)
, (5.15)

where 0 ≤ R ≤ 1. For the cases where sin θt = sin θi
n̂ > 1,

one may rewrite reflection relations as

r|| =
n̂2

μ̂
cos θi − j (sin2 θi − n̂2)

1
2

n̂2
μ̂
cos θi + j (sin2 θi − n̂2)

1
2

and

r⊥ =
cos θi − 1

μ̂
j (sin2 θi − n̂2)

1
2

cos θi + 1
μ̂
j (sin2 θi − n̂2)

1
2

, (5.16)

where, j = √−1, and in this complex case9

R||
def= r||r̄|| = 1, and R⊥

def= r⊥r̄⊥ = 1, (5.17)

where r̄|| and r̄⊥ are complex conjugates. Thus, for angles
above the critical angle θ∗

i , all of the energy is reflected.
Notice that as n̂ → 1 we have complete absorption, while
as n̂ → ∞ we have complete reflection. The total amount
of absorbed power by the particles is (1 − R)Ii. Thermal
(infrared) coupling effects, which are outside of the scope
of this paper, have been accounted for in Zohdi [35,36] and
Zohdi and Kuypers [45].

In order to understand the dependency of the results on n̂,

recall the fundamental relation for reflectance

R = 1

2

⎛
⎜⎝

⎛
⎝ n̂2

μ̂
cos θi − (n̂2 − sin2 θi)

1
2

n̂2
μ̂
cos θi + (n̂2 − sin2 θi)

1
2

⎞
⎠

2

+
⎛
⎝cos θi − 1

μ̂
(n̂2 − sin2 θi)

1
2

cos θi + 1
μ̂
(n̂2 − sin2 θi)

1
2

⎞
⎠

2
⎞
⎟⎠ , (5.18)

whose variation as a function of the angle θi is depicted in
Fig. 3. For all but n̂ = 2, is there discernible nonmonotone
behavior. The nonmonotone behavior is slight for n̂ = 4, but
nonetheless present. Clearly, as n̂ → ∞, R → 1, no matter
what the angle of incidence’s value.Also, as n̂ → 1,provided
that μ̂ = 1, R → 0, i.e., all incident energy is absorbed.
With increasing n̂, the angle for minimum reflectance grows
larger.

9 The limiting case
sin θ∗

i
n̂ = 1, is the critical angle (θ∗

i ) case.
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